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Consider the second-order nonlinear differential system
1
 x h y  F x ,Ž . Ž .˙
a xŽ .
 ya x g x  e t ,Ž . Ž . Ž .˙
Ž .where a is a positive and continuous function on R , ; h, F, and g are
Ž .  .continuous functions on R; and e t is a continuous function on I 0, . We
obtain sufficient and necessary conditions for all solutions to be bounded and to
converge to zero. Our results can be applied to the well-known equation
x f x x f x x2  g x  e t ,Ž . Ž . Ž . Ž .¨ ˙ ˙1 2
which substantially extends and improves important results in the literature.
 2001 Academic Press
1. INTRODUCTION
Consider the nonlinear differential equation
x f x x f x x 2  g x  e t 1.1Ž . Ž . Ž . Ž . Ž .¨ ˙ ˙1 2
1 This work was supported by Institute of Mathematics, Academia Sinica, People’s Repub-
lic of China.
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 or an equivalent system 1 ,
1
x y F x ,Ž .˙
a xŽ . 1.2Ž .
ya x g x  e t ,Ž . Ž . Ž .˙
Ž . Ž .where f , f , and g are continuous functions on R , and e t1 2
 .is a continuous function on I 0, ,
xxH f Žu. du0 2a x  e , F x  a u f u du.Ž . Ž . Ž . Ž .H 1
0
Ž . Ž .Recently, Eq. 1.1 or the system 1.2 has been widely investigated with
Ž .e t  0 for the boundedness, stability, oscillation and periodicity of solu-
Ž  .tions cf. 38 .
 In 1 , Antosiewicz first considered the boundedness of solutions of Eq.
Ž .  1.1 . In 2 , motivated by theoretical interest and possible applications,
Qian investigated the more general nonlinear system
1
x h y  F x ,Ž . Ž .˙
a xŽ . 1.3Ž .
ya x g x  e t ,Ž . Ž . Ž .˙
Ž .where a is a positive and continuous function on R , ; h, F,
Ž .and g are continuous functions on R; and e t is a continuous function on
 . Ž .I 0, . Qian obtained a sufficient condition for all solutions of 1.3
to be bounded and to converge to zero, which generalized the main work
     of 1 . Recently, Qian 6 and Jiang 8 also discussed the asymptotic
Ž . Ž .behavior of solutions of 1.3 with e t  0.
Ž . Ž . Ž .Clearly, if a x  1 and h y  y, 1.3 reduces to the well-known
generalized Lienard system´
x y F x ,Ž .˙
1.4Ž .
y g x  e t ,Ž . Ž .˙
which has frequently been used in the study of the generalized Lienard´
equation
x f x x g x  e t 1.5Ž . Ž . Ž . Ž .¨ ˙
Ž . x Ž .by setting y x and F x  H f s ds.˙ 0
The problem of the boundedness and asymptotic behavior of solutions
Ž . Ž .for 1.4 and 1.5 has been extensively studied by many authors since the
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 1950s. In particular, in 1970, Burton 9 gave the following results, which
generated much interest.
THEOREM A. Suppose that
Ž . Ž .A xg x  0 for x 0,1
Ž . Ž .A f x  0 for x	 R,2
Ž .   Ž .  Ž .A H e t dt. Then all solutions of 1.5 and their deria-3 0
ties are bounded if and only if
lim F x G x . 1.6Ž . Ž . Ž .Ž .
 x
Ž .Furthermore, if e t  0, Theorem A was improved through relaxation
Ž . Ž .        of A , A by Graef 10 , Sugie 11 , and Villari 12 , and Bushaw 131 2
 and Lasalle 14 investigated the global asymptotic stability of the zero
Ž .     Ž .solution of 1.5 . Recently, Li 15 and Pan and Jiang 16 replaced A2
with the condition
Ž . Ž .A  xF x  0 for x 0,2
and introduced the following results concerning the global asymptotic
Ž .behavior of Eq. 1.5 .
Ž . Ž . Ž .THEOREM B. Suppose that the assumptions A , A , and A hold.1 2 3
Ž .Then all solutions of 1.5 and their deriaties conerge to zero if and only if
lim sup F x G x . 1.7Ž . Ž . Ž .Ž .
 x
Ž . Ž .Furthermore, if e t  0, then the zero solution of 1.5 is globally asymptoti-
Ž .cally stable if and only if 1.7 holds.
 Recently, Zhang 1719 also discussed such a problem for a retarded
Lienard equation.´
This paper is to devoted to the study of the boundedness and asymptotic
Ž .behavior of solutions of the system 1.3 . The primary goal here is to
Ž .extend Theorems A and B to the system 1.3 through the relaxation of
Ž . Ž . Ž .A , A , or A . By using Liapunov’s direct method, we give necessary1 2 2
and sufficient conditions for all solutions to be bounded and to converge to
 zero. Our results not only generalized the main work of 2 , but also can be
Ž .immediately applied to the well-known equation 1.1 , which implies that
Ž .the necessary and sufficient conditions for all solutions of 1.1 and their
derivatives to be bounded and to converge to zero are easily obtained. Our
results also substantially extend and improve some other known results in
the literature.
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Throughout this paper, we always assume that under our assumptions,
Ž . the system 1.3 has a unique solution to the initial value problem. Let R ,
 Ž   . Ž .R , and R denote the interval , 0 , 0, and , , respec-
tively. For the sake of convenience, we set
x
2g x  a x g x , G x  g u duŽ . Ž . Ž . Ž . Ž .˜ ˜H
0
and
y
H y  h u du.Ž . Ž .H
0
2. BOUNDEDNESS OF SOLUTIONS
Ž .In this section, we investigate the boundedness of solutions of 1.3 . The
following theorem is the first main result of this paper.
THEOREM 1. Suppose that
Ž . Ž .1 There exist a positie number P, such that G x P for all
Ž .  Ž . x	 R, F x P for all x	 R , and F x 
 P for all x	 R .
Ž . Ž . Ž .2 g x F x  0 for all x	 R.
Ž . Ž .3 h  .
Ž . Ž .  Ž .  Ž .4 There exists a positie number m such that a x h y 
H y m
for all x, y	 R.
Ž .   Ž . 5 H e t dt.0
Ž . Ž Ž Ž . Ž ..Then all solutions of 1.3 are bounded i.e., for eery solution x t , y t of
Ž .  Ž .   Ž .  .1.3 , there exists a positie number M 0 such that x t M, y t M
if and only if
x
lim sup sgnx F x G x  sgnx g u F u du . 2.1Ž . Ž . Ž . Ž . Ž .Ž . ˜H
 x 0
Ž Ž . Ž .. Ž .Proof. I. Sufficiency. Now assume that x t , y t is a solution of 1.3
Ž Ž . Ž .. Ž .with initial condition x 0 , y 0  x , y ; we shall prove that if the0 0
condition
x
lim sup F x G x  g u F u du  2.2Ž . Ž . Ž . Ž . Ž .Ž . ˜H
x 0
Ž .holds, then x t is bounded above, i.e., there exists a positive number
Ž . M  0 such that x t M for all t	 R .1 1
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Set
E Ž t .V t , x , y  e H y G x  Pm , 2.3Ž . Ž . Ž . Ž .
where
t
E t  e s ds, E  e t dt .Ž . Ž . Ž .H H0
0 0
Clearly,
E 0e H y G x  Pm 
 V t , x , yŽ . Ž . Ž .

 H y G x  Pm ,Ž . Ž .
and
dV
E Ž t . e t V e h y a x g x  e tŽ . Ž . Ž . Ž . Ž .Ž . Ž .
Ž .dt 1.3
1
2a x g x h y  F xŽ . Ž . Ž . Ž .Ž .
a xŽ .
E Ž t .
 e  e t H y m a x h y G x  PŽ . Ž . Ž . Ž . Ž . Ž .
a x g x F xŽ . Ž . Ž . 4

eE Ž t .a x g x F xŽ . Ž . Ž .

eE 0 a x g x F x . 2.4Ž . Ž . Ž . Ž .
dVŽ . Ž .  Ž Ž . Ž ..By 2.4 and 2 , 
 0, and we have V t, x t , y t is bounded,Ž1.3.dt
0
 V t , x t , y t 
 V 0, x 0 , 0Ž . Ž . Ž . Ž .Ž . Ž .
 V 0, x , y D for t	 R. 2.5Ž . Ž .0 0 0
Ž . Ž .First we show that y t is bounded. Otherwise, y t is unbounded; we
assume
lim sup y t . 2.6Ž . Ž .
t
Ž .The proof of the case lim inf y t  is similar and will bet
Ž . Ž . Ž .omitted. In view of 3 and 2.5 , it is easy to see that H  .
Therefore, there exists y  y such that0
eE 0 H y  V 0, x , y D .Ž . Ž .0 0 0
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Ž .From 2.6 and by the continuity of the solution, we see that there exists
 Ž  . t  0 such that y t  y . Hence
    EŽ t .V t , x t , y t  e H y t G x t  PmŽ . Ž . Ž . Ž .Ž . Ž . Ž .
 eE 0 H y t D ,Ž .Ž . 0
Ž . Ž .which contradicts 2.5 . Therefore y t is bounded, i.e., there exists a
 Ž .  positive number N 0 such that y t N for t	 R .
Let
L max h y t .Ž .Ž .
  Ž . 4y t N , t	R
Now we shall consider three cases as follows.
Ž .i If
lim sup G x ,Ž .
x
Ž . E0 Ž .then there is a B  0 such that G B D e . We claim x t  B for1 1 0 1
 Ž . Ž .all t	 R . In fact, there exists t  0 such that x t  B and x s  B1 1 1 1
for 0
 s t , we have1
D  V t , x t , y t  eE 0 G x t D ,Ž . Ž . Ž .Ž . Ž .0 1 1 1 1 0
a contradiction.
Ž .ii If
lim sup F x ,Ž .
x
Ž . Ž .then there is a B  0 such that F B  L. We claim x t  B for all2 2 2
 Ž . Ž .t	 R . In fact, there exists t  0 such that x t  B and x s  B for2 2 2 2
0
 s t , we have2
h y t  F x t L F BŽ . Ž . Ž .Ž . Ž .2 2 20
 x t 
 
  0,Ž .2 a x t a x tŽ . Ž .Ž . Ž .2 2
a contradiction.
Ž .iii If
lim sup G x  F x ,Ž . Ž .Ž .
x
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Ž . Ž . Ž . by 1 and 2.1 , we have P
 F x  for all x	 R , and there
 Ž .  exists a Q 0 such that F x Q for all x	 R , then
h y t  F x t LQŽ . Ž .Ž . Ž .x t  
Ž .
a x t a x tŽ . Ž .Ž . Ž .
Ž .whenever x t  0, and

g u F u du.Ž . Ž .˜H
0
Therefore, there exists a positive number B  x such that3 0
x LQB 03 g u F u du g u F u du D .Ž . Ž . Ž . Ž .˜ ˜H H 0E0e0 0
Ž . We claim that x t  B for t	 R . Suppose there exists t  0 such that3 3
Ž . Ž .   Ž .x t  B and x 
 x s 
 B for s 	 0, t . Integrating 2.4 from 0 to3 3 0 3 0 3
t , we have3
V t , x t , y tŽ . Ž .Ž .3 3 3
t3E 0
 V 0, x 0 , y 0  e a x s g x s F x s dsŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .H
0
eE 0 t3 2
D  a x s g x s x s dsŽ . Ž . Ž .Ž . Ž .H0 LQ 0
E 0e Ž .x t3
D  g u F u duŽ . Ž .˜H0 LQ Ž .x 0
E 0 xe B 03
D  g u F u du g u F u du  0,Ž . Ž . Ž . Ž .˜ ˜H H0 ž /LQ 0 0
a contradiction.
Ž . Ž . Ž .  4 Ž .In view of i , ii , and iii , let M max B , B , B ; we have x t M1 1 2 3 1
for t	 R.
Next, a similar argument shows that if the condition
0
lim sup G x  F x  g u F u du Ž . Ž . Ž . Ž .Ž . ˜H
x x
Ž .holds, then x t is bounded below, i.e., there exists a positive number
Ž .M  0 such that x t M for t 0.2 2
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Ž .Therefore, we conclude that if the condition 2.1 holds, there exists a
 4number Mmax M , M , N such that1 2
x t M , y t M for all t	 R .Ž . Ž .
This completes the proof of sufficiency of Theorem 1.
Ž .II. Necessity. Suppose that 2.1 fails; for example,
x
lim sup F x G x  g u F u du .Ž . Ž . Ž . Ž .Ž . ˜H
x 0
Ž . Ž .  Ž . By 1 and 2 , there exists a positive number N 0 such that F x N,
 Ž .  G x N, for all x	 R , and
x x
20 g u F u du a u g u F u du.Ž . Ž . Ž . Ž . Ž .˜H H
0 0
Ž . Ž .By 3 , there exists a positive number M 0 such that h y  1N for
Ž .all yM, and it is easy to see that H  . Therefore, we choose
y such that y M and0 0

E E0 0H y  e H M N g u F u du  e  1 Pm .Ž . Ž . Ž . Ž . Ž . Ž .˜H0
0
Ž Ž . Ž .. Ž .We can prove that there exists an unbounded solution x t , y t of 1.3
Ž Ž . Ž .. Ž .with initial condition x 0 , y 0  0, y , which is a contradiction.0
Ž . Now we prove that y t M for all t	 R . Suppose there exists t  01
Ž . Ž .  such that y t M and y t M for t	 0, t . We have1 1
h y t  F x t N 1  F x t 1Ž . Ž . Ž . Ž .Ž . Ž . Ž .
x t   Ž .˙
a x t a x t a x tŽ . Ž . Ž .Ž . Ž . Ž .
  Ž .   Ž .for t	 0, t . Consequently, x t is increasing on 0, t and 0 x 0 1 1
Ž . Ž .x t  x t .1
Set
EŽ t .W t , x , y  e H y G x  Pm . 2.7Ž . Ž . Ž . Ž .
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We have
dW
EŽ t . e t W e h y a x g x  e tŽ . Ž . Ž . Ž . Ž .Ž . Ž .
Ž .dt 1.3
1
2a x g x h y  F xŽ . Ž . Ž . Ž .Ž .
a xŽ .
EŽ t . e e t H y m a x h y G x  PŽ . Ž . Ž . Ž . Ž . Ž .
a x g x F xŽ . Ž . Ž . 4
e EŽ t .a x g x F xŽ . Ž . Ž .
e E0 a x g x F x . 2.8Ž . Ž . Ž . Ž .
Ž .Integrate 2.8 from 0 to t to obtain1
W t , x t , y tŽ . Ž .Ž .1 1 1
t1E0W 0, x 0 , y 0  e a x s g x s F x s dsŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .H
0
t1E 20W 0, x 0 , y 0  e a x s g x s F x s x s dsŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž . ˙H
0
Ž .x t1E0W 0, x 0 , y 0  e g u F u duŽ . Ž . Ž . Ž .Ž . ˜H
Ž .x 0

E0H y  Pm e g u F u du. 2.9Ž . Ž . Ž . Ž .˜H0
0
Notice that
EŽ t .1W t , x t , y t  e H y t G x t  PmŽ . Ž . Ž . Ž .Ž . Ž . Ž .1 1 1 1 1
E0
 e H M N Pm . 2.10Ž . Ž .
Ž . Ž .Hence, by 2.9 and 2.10 , we can easily obtain

E E0 0H y 
 e H M N g u F u du  e  1 Pm ,Ž . Ž . Ž . Ž . Ž . Ž .˜H0
0
which is a contradiction.
Ž Ž ..  Ž .Finally, we have h y t N 1 for all t	 R . Clearly, 4 implies that
Ž . Ž .a x is bounded, i.e., there exists a positive number  such that a x 
  .
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Hence,
1 1
x t   for t	 R .Ž .˙
a x t Ž .Ž .
1Ž .Therefore, x t  t as t.
This completes the proof of necessity of Theorem 1.
Ž . Ž . Ž .Remark 1. If h y  y, 1.3 reduces to 1.2 , which is equivalent to
Ž .1.1 , and we have the following results, which are an immediate conse-
quence of Theorem 1.
COROLLARY 1. Suppose that
Ž . Ž .4 There exists a positie number  such that a x 
  for x	 R, and
Ž . Ž . Ž .the assumptions 1 , 2 , 5 of Theorem 1 are satisfied. Then all solutions of
Ž . Ž .1.1 and their deriaties are bounded if and only if 2.1 holds.
Remark 2. Clearly, Theorem 1 substantially extends and improves the
  Ž  . Ž . Ž .main result of 2 see 2, Theorem 1 by relaxing the hypotheses v  ix
 of Theorem 1 in 2 . Furthermore, we obtain a sufficient and necessary
Ž .condition for the boundedness of solutions of 1.3 . Corollary 1 is also an
 important improvement of Corollary 1 in 2 .
Ž .EXAMPLE 1. Consider Eq. 1.1 , with
f x esin xcos x , f x  cos x ,Ž . Ž .1 2
1
2 sin xg x e sin x and e t  .Ž . Ž . 21 t
We have
xxH f Žu. du sin x0 2a x  e  e , F x  a u f u dusin x ,Ž . Ž . Ž . Ž .H 1
0
x
2g x  a x g x sin x , G x  g u du1 cos x ,Ž . Ž . Ž . Ž . Ž .˜ ˜H
0
and
 
2g u F u du sin x dx.Ž . Ž .˜H H
0 0
It is easy to verify that all conditions of Corollary 1 are satisfied with
Ž .P 1. Hence, every solution of 1.1 and its derivative are bounded by
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Corollary 1, but
lim F x  and G x 
 0 for x	 R .Ž . Ž .
 x
Ž . Ž .  The conditions vi  ix of Corollary 1 of 2 are not satisfied.
Ž . Ž .Remark 3. If a x  1 and e t  0, Theorem 1 extends the main
  Ž  . Ž .results of 20 see 20, Theorem 3.2 by avoiding the condition that h y is
 strictly increasing, which is imposed in Theorem 3.2 in 20 .
Ž . Ž . Ž .Remark 4. If a x  1 and h y  y, the system 1.3 reduces to the
Ž .generalized Lienard system 1.4 , which is equivalent to the generalized´
Ž .Lienard equation 1.5 . By Theorem 1, we have the following results´
immediately.
THEOREM A. Suppose that
Ž  . Ž .A There exists a positie number P such that G x P for1
Ž .  Ž . x	 R, F x P for x	 R , and F x 
 P for x	 R .
Ž 	 . Ž . Ž . Ž .A g x F x  0 for all x	 R, and A holds. Then all solutions2 3
Ž .of 1.5 and their deriaties are bounded if and only if
x
lim sup sgn F x G x  sgn g u F u du . 1.7Ž . Ž . Ž . Ž . Ž .Ž . H
 x 0
Ž  . Ž 	 . We finally observe that the hypotheses A and A of Theorem A1 2
Ž . Ž . Ž  .can be satisfied whenever the conditions A , A , and A hold.1 2 2
Clearly, Theorem A is a substantial improvement of Theorem A. In
Ž . particular, if e t  0, Theorem A also extends or contains the corre-
     sponding results in the works of Graef 10 , Sugie 11 , and Villari 12 .
3. CONVERGENCE OF SOLUTIONS
In this section, we study the asymptotic behavior of solutions of the
Ž .system 1.3 . The following theorem is the second main result of this paper.
THEOREM 2. Suppose that
Ž . Ž .1 xg x  0 for x 0.
Ž . Ž . Ž .2 xF x  0 for all x	 R and F x  0 on any left and right
neighborhood of zero.
Ž  . Ž . Ž .3 yh y  0 for y 0, and h  .
Ž . Ž .And assumptions 4 and 5 of Theorem 1 are satisfied. Then for eery
Ž Ž . Ž .. Ž .solution, x t , y t of the system 1.3 conerge to zero, i.e.,
lim x t  lim y t  0, 3.1Ž . Ž . Ž .
t t
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Ž . Ž .if and only if condition 2.1 holds. Furthermore, if e t  0, then the zero
Ž . Ž .solution of the system 1.3 is global asymptotically stable if and only if 2.1
holds.
Ž . Ž . Ž . Ž .Proof. Suppose that 2.1 holds. It is clear that 1 , 2 , and 3 imply
Ž . Ž . Ž . Ž .1 , 2 , and 3 with P 0. Thus all solutions of 1.3 are bounded by
Theorem 1.
Set
E Ž t .V t , x , y  e H y G x m .Ž . Ž . Ž .
We have
dV
E 0
e a x g x F x 
 0.Ž . Ž . Ž .
Ž .dt 1.3
Ž  .  Hence, by Lasalle’s theorem see 21, Theorem 1 or Theorem 5 in 22 ,
Ž Ž . Ž .. Ž .for every solution x t , y t of the system 1.3 , as t,
x t , y t   x , y : g x F x  0 4Ž . Ž . Ž . Ž . Ž .Ž .
 x , y : F x  0 , 4Ž . Ž .
where  is the largest semi-invariant set contained in . We shall prove
Ž .4that  0, 0 .
Ž . Ž .Consider the autonomous system with e t  0. Assume that x , y 	0 0
Ž Ž . Ž .. Ž Ž . with x  0; then the solution x t , y t with initial condition x 0 ,0
Ž .. Ž .y 0  x , y is a solution of the system0 0
1
x h y ,Ž .˙
a xŽ . 3.2Ž .
ya x g x .Ž . Ž .˙
y0 Ž . x 0 2Ž . Ž .Hence, there exists a constant c  H h u du H a u g u du 0,0 0 0
Ž Ž . Ž ..such that the trajectory of x t , y t is the curve  :0
Ž .x t 2H y t  a u g u du c . 3.3Ž . Ž . Ž . Ž .Ž . H 0
0
Ž . Ž .   Ž  .By 3 and the continuity of y t , there exists a t  0 such that y  y t
Ž  . Ž  .  Ž  .satisfies c H y . It follows that 0, y is on  and x  x t  0.0 0
Ž  . Ž  .Now, we show that x t  0. Observe that if x t  0, then by the˙ ˙
Ž .  	   	 Ž .continuity of x t , there are t and t with t  t  t such that x t  0˙ ˙
Ž  	 . Ž . Ž 	 .for all t	 t , t . Hence, x t  0, x t  0, and
x t : t  t t	  x t , x t	 , 4Ž . Ž . Ž .Ž .
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Ž Ž . Ž 	 .. Ž .where x t , x t is an interval containing 0. This implies that F x  0
Ž Ž  . Ž 	 .. Ž . Ž  .for x	 x t , x t . This clearly contradicts 2 , and x t cannot be˙
Ž  .positive. By a similar argument, we see that x t cannot be negative˙
Ž  . Ž .either. Hence, x t  0, and by substituting into 1.3 , we find that˙
Ž  . Ž Ž  .. Ž . h y  F x t  F 0  0, which implies y  0. Therefore, the point
Ž . Ž Ž . Ž .. Ž .0, 0 is on the trajectory  of x t , y t , which clearly contradicts 3.3 .0
Ž .4 Ž .Hence,  0, y . Thus, from 3.2 we see that y must be zero also, and
Ž .4 Ž .indeed  0, 0 is the largest semi-invariant set of the system 3.2
Ž Ž . Ž ..contained in . Therefore, for every solution x t , y t of the system
Ž .1.3 , we have
lim x t  lim y t  0.Ž . Ž .
t t
Ž .The proof of Theorem 1 shows that condition 2.1 is necessary for
Ž .condition 3.1 to hold.
Ž .For the case e t  0, consider the Liapunov function
V x , y H y G x .Ž . Ž . Ž .
Clearly, V is positive definite and
dV
a x g x F x 
 0.Ž . Ž . Ž .
Ž .dt 1.3
From the proof of the above results, we easily obtain that the zero solution
Ž . Ž .of the system 1.3 is globally asymptotically stable if and only if 2.1 holds.
The proof of Theorem 2 is complete.
Ž .Remark 5. Precisely as in Corollary 1, if h y  y, the following result
is an immediate consequence of Theorem 2.
Ž . Ž . Ž .COROLLARY 2. Suppose that 4 holds and the assumptions 1 , 2 ,
Ž . Ž .and 5 are satisfied. Then eery solution of 1.1 and its deriatie conerge
Ž . Ž .to zero if and only if 2.1 holds. Furthermore, if e t  0, then the zero
Ž . Ž .solution of 1.1 is globally asymptotically stable if and only if 2.1 holds.
Remark 6. Clearly, Theorem 2 and Corollary 2 contain the main results
  Ž  .of 2 see 2, Theorem 2 and Corollary 2 , and we give a sufficient and
Ž . Ž .necessary condition for all solutions of 1.3 and 1.1 to converge to zero.
Ž . Ž . Ž .Remark 7. If a x  1 and h y  y, then 1.3 reduces to the general-
Ž .ized Lienard system 1.4 . By Theorem 2, we have the following result´
immediately.
 Ž . Ž .THEOREM B . Suppose that A and A hold and1 3
Ž 	 . Ž . Ž .A xF x  0 for all x	 R and F x  0 on any left and right2
neighborhood of zero.
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Ž .Then all solutions of 1.5 and their deriaties conerge to zero if and only
Ž . Ž . Ž .if 1.7 holds. Furthermore, if e t  0, then the zero solution of Eq. 1.5 is
Ž  .globally asymptotically stable if and only if 1.7 holds.
Clearly, Theorem B is an improvement of Theorem B by relaxation of
Ž  . the hypothesis A , and Theorem B contains the main results mentioned2
 in 15, 16 .
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